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Abstract. This paper introduces a novel multi-class support vector classification
and regression (MSVCR) algorithm with multiple kernel learning (MK-MSVCR).
We present a new MK-MSVCR algorithm based on two-stage learning (MK-MSVCR-
TSL). The two-stage learning aims to make classification algorithms better when
dealing with complex data by using the first stage of learning to generate repre-
sentative” or “important” samples. We first establish the fast learning rate of MK-
MSVCR algorithm for multi-class classification with independent and identically
distributed (i.i.d.) samples amd uniformly ergodic Markov chain (u.e.M.c.) smaples,
and prove that MK-MSVCR algorithm is consistent. We show the numerical inves-
tigation on the learning performance of MK-MSVCR-TSL algorithm. The exper-
imental studies indicate that the proposed MK-MSVCR-TSL algorithm has better
learning performance in terms of prediction accuracy, sampling and training total
time than other multi-class classification algorithms.

Keywords: multi-class classification, multiple kernel learning, learning rate, sup-
port vector classification and regression.

1. Introduction

Support vector machine (SVM) is an effective and famous algorithm with good general-
ization ability for classification. In practical problems, there are many multi-classification
problems such as fault diagnosis problems, disease classification and so on. Many SVM-
based methods are used to handle multi-class classification problems [2)2718l32]]. For
multi-class SVM, there are two main frameworks: “all-together” method [27/18l9] and
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“decomposition-reconstruction” method [3I10l15]. For the “all-together” method, we usu-
ally obtain a discrimination function by solving a single majorization problem such as
AIO method [27/18U1149]. For the “decomposition-reconstruction” method, the discrimi-
nation function is obtained by handling a series of binary classification problems, which
consist of two classical approaches, “one-versus-rest” (OVR) method [3/10] and “one-
versus-one” (OVO) method [[15]. The disadvantage of OVR method is that almost all the
binary problems are unbalanced and the shortcoming of OAO method is that for each
binary category, the information of the remaining categories is neglected. Thus a new
method, support vector classification and regression for multi-class classification prob-
lem, is proposed by Angulo et al. [1]. The information of all samples is used to classify
by MSVCR algorithm. MSVCR has been regarded as a very important method to conquer
the disadvantages of tradition multi-class classifications algorithms [[118l7]].

SVM solves nonlinear classification problems by introducing kernel functions, called
kernel methods. Although the kernel method can be used to solve some complex prob-
lems, it brings many interdisciplinary challenges in statistics, optimization theory and
applications [1]]. Choosing the optimal kernel and its parameters often has to be decided
by a human user with prior knowledge of the data. In other words, the classical classifier
is based on a single kernel, while in practice, the ideal classifier is usually based on the
combination of multiple kernels, i.e. multiple kernel learning.

Therefore, multiple kernel learning has been widely concerned and studied. For exam-
ple, Lanckriet et al. [[16] introduced the method which learns the kernel matrix with semi-
definite programming to search the optimal of unrestricted kernel combination weights
and showed that multiple kernel learning is comparable with the best soft margin SVM
for radial basis function (RBF) kernel. Luo et al. [20] introduced a theoretically moti-
vated and efficient online learning algorithm for the multiple kernel learning problem. In
recent years, the multiple kernel learning method of iteratively updating kernel weights to
obtain the optimal kernel combination has been successfully applied in many fields. For
example, Chavaltada et al. [5] proposed a method of automated product categorisation
by using multiple kernel learning to improve feature combination in e-commerce. Wil-
son et al. [28]] applied multiple kernel learning to genomic data mining and prediction.
Lauriola et al. [[17] enhanced deep neural networks via multiple kernel learning, and the
method proposed in [[17] gave an effective way to design the output computation in deep
networks. Wang et al. [26] propose a novel depth-width-scaling multiple kernel learning
(DWS-MKL) algorithm that can adapt to data of different dimensions and sizes. In addi-
tion, machine learning algorithms are used in various fields, such as weather forecasting
and smart city construction [4/33]].

However, when the sample size is large, the complexity of the multi-core learning
algorithm is very high. This means that although multiple kernel learning methods have
good learning performance, and multiple kernel learning methods are usually very time-
consuming and difficult to achieve even when the training sample size is large. Then a
problem is posed:

How to reduce the algorithmic complexity of the multiple kernel learning method while
maintaining the better classification accuracy?

To solve this problem, we present the idea of two-stage learning for multiple kernel al-
gorithm in this paper. The reasons of introducing two-stage learning are as follows: First,
the capacity of data is growing rapidly and the scale of data is getting larger and larger, so
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the classical multiple kernel learning methods usually time-consuming and even difficult
to implement in the case of a large training sample size. Second, the larger the amount of
data, the lower the value density of data will be, which means that there are many noise
samples in big data. A large number of machine learning experiments indicate that the
noise samples will not only lead to the increase of storage space, but also affect the ac-
curacy and efficiency of learning. By the statistical learning theory in [25]], the samples
that are closer (or the closest) to the interface of different classes datasets are “impor-
tant” samples for classification problem. Thus, the two-stage learning aim to generate the
“representative” or “important” samples by using the first stage learning. To our knowl-
edge, this is the first algorithm of multiple kernel learning method to deal with multi-class
classification non-i.i.d. samples. Therefore, in this paper we analyse the generalization of
MK-MSVCR method for u.e.M.c. samples and i.i.d. observations, respectively. The main
innovations of this paper can be stated as follows.

e The generalization bound of MK-MSVCR based on u.e.M.c. samples is obtained
and the optimal learning rate is established.

e A new MK-MSVCR algorithm, MK-MSVCR-TSL is proposed. The numerical ex-
periments show that the proposed algorithm has competitive performance.

The rest of this article is arranged as follows. Section 2 formulates the classical
MSVCR with multiple kernel learning. Section 3 introduces a new MK-MSVCR algo-
rithm based on two-stage learning (MK-MSVCR-TSL) and analyzes algorithmic com-
plexity. The main theoretical results of the proposed MK-MSVCR with u.e.M.c. and i.i.d.
samples are given in Section 4. The numerical experimental studies are presented in Sec-
tion 5. Finally, we conclude this paper in Section 6.

2. MK-MSVCR learning machine

We assume that the training set z = {(z;, ;) }/", are drawn from an unknown probability
distribution p defined on the space Z = X x Y, where X is the input space and Y is
the corresponding output space. For multi-class problems, we usually assume that y; €
{1,...,k}, where k is the number of class.

The classifier of MSVCR algorithm depends on the reproducing kernel Hilbert space
(RKHS) H g . Furthermore, for the given training set z, a decision function ¢(x) is found
with outputs {—1,0,+1}:

+1,5=1,....,my
¢(IJ): _17j:m1+17"'am1+m2
0, j=mi+mo+1,...,m.

Without loss of generality, mi2 = mq + mo patterns corresponds the case of two classes
to be separated, and m3s = m — mo patterns corresponds the case of rest classes, which
will be labeled 0. The multi-class classification framework of MSVCR can be stated as
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follows:
1 mi2 1 m
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In practice, an ideal classifier is usually based on a combination of multiple kernels.
Thus we also present the MSVCR algorithm based on multiple kernels learning as fol-
lows. We assume that there are n positive definite kernels K1, ..., K, each RKHS H,, is
associated with a Mercer kernel K, : X x X — R, 1 < p < n. By the reproducing prop-
erty of H,,, we have (K, »,9)k, = g(x),Vx € X,Vg € H,. Let C(X) be the space of

continuous functions with the norm || f, ||oc = sup,cx |fp| and & = sup,c x /Kp(z, x).
It follows that || fp|loo < m\|fp||Kp,pr € Hp,1 < p < n. We finally use the multiple

kernel space Hx = H K, XX Hg, . H is an RKHS with the kernel K (-, z), which
has following form:
r) =Y dpKy(- )
p=1

where Y7, d, = 1,d,, > 0. Therefore, any f € Hx has the form f =377, dpfp, f €
H,,. The MK-MSVCR algorithm depends on RKHS H g, which is defined as

mi2 m

1
fo =arg min Azd I £oll%, +7Z§g +— D () e

m3 j=miz+1
m

s.t. Yj ZO(Z JI],],‘Z _1—§j,j:1,...,m12,

m

_E_SD;SZ x]wr’b <5+S0J7]_m12+1m12+2 ,m,
=1

émoj,saj >0,0<e<1,

de =1,d, > 0.
p=1

Here, A\ controls the complexity of the function in the multiple kernel space. For sim-
plicity, we take d, = 1/n in this paper. The corresponding decision function ¢,(z) of
MK-MSVCR algorithm (T)) is defined as

+1, if fo(2) > 2o
¢a(x) = ¢ —Lif fa(z) < —2o 2

0, otherwise,
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where ¢ is a threshold value.

Define loss function V (y;, f(2;)) = C1(1—y; f(2))+ - 1y, 20y + Caly; — f(27))?
1{y].:0}, where C, C are two positive constants. The MK-MSVCR algorithm can be
written as

o= arg in {37 V(. 1) + NS 9
i=1

feEHK

where || fll% = & 30— [ follk, is regularization term and A > 0 is a regularization
parameter. The empirical risk and the corresponding generalization error are defined as
E(f) = 7 Sl Vi, f(@). E(f) = E[V(y, f(x))] = [, V(y. f(x))dp. then the
MK-MSVCR algorithm (3) can be rewritten as f, = argmin g7, {E(f) + Al fI1% }-

3. Algorithm and Algorithmic complexity

In this section, we present the MK-MSVCR algorithm with two-stage learning (MK-
MSVCR-TSL) and then we analyze the algorithmic complexity of the MK-MSVCR-TSL
algorithm.

3.1. MK-MSVCR-TSL algorithm

Inspired by the works in [22l21413134], We combine the MK-MSVCR algorithm that
the multiple kernel multi-class classification algorithm for processing more complex data
with two-stage learning (MK-MSVCR-TSL) to improve the classification rate without
reducing the classification accuracy. Now the proposed MK-MSVCR-TSL algorithm can
be stated as follows.

For simplicity, all the experimental results of this paper are based on ¢ = 1. In the
preprocessing step, all data are normalized to avoid the influence of numerical range on
characteristic attributes and make numerical calculation easier [14419]]. We use a random
process to divide each data sets into two different parts, where four quarters is divided
into the training set Dy,qp, One quarter is divided into the test set Dyes;. Let k be the
number of classed, m be the total number of training samples. For MK-MSVCR algorithm
based on randomly independent samples, we sample m training samples that are drawn
randomly from the given training set Dy, q;, and denote it as z. Training the sample set
z by algorithm and obtain a classifier ¢,. We test ¢, on the given testing set, and
calculate the corresponding misclassification rate. For MK-MSVCR-TSL algorithm, we
state the algorithm as follows: (i) for the first stage, we sample randomly N = m/2
training samples that are drawn randomly from the given training set Dy, and denote it
as z°. Training z° by algorithm (3) and obtain a classifier ¢,0. (ii) for the second stage, we
use ¢ o to define the acceptance probabilities and generate the Markovian chain samples
z', which consist of N samples. Training the sample set z' by algorithm (3)) and obtain
a classifier ¢,1. (iii) We test ¢,1 on the given testing set, and calculate the corresponding
misclassification rate.

Remark 1. To have a better understanding of Algorithm 1, we give the following remarks.
Since we only have the training set D;,q;n, to define the transition probabilities of Marko-
vian resampling, we first draw randomly a training set z° with N training samples, and
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Algorithm 1: MK-MSVCR-TSL
Input: Dirgin, m, N.
Output: ¢, (z).
For each sample z € Dyrqin, compartmentalize the training set into three parts: zero class,
positive class, negative class;
(the first stage) generate randomly N samples z° := {z:}72 from Dirqin;
get a model f,0 by algorithm (3) with z° and its corresponding classifier ¢,0;
(the second stage)
generate randomly a sample z, from Dypqin; 2T {24 };
county, <+ county, + 1;
repeat
generate another random sample 2y from Dyrqin;
P = eff(dﬁzmzb)/efl(%mza);
if P = 1 and y, = y» and count,, < N/k then
| add 2, to z'*'; county, < county, + 1;
else if (P = 1 and yo # y and count,, < N/k) or (P < 1 and count,, < N/k)
then
‘ add z; to z“’l; county, < county, +1;
end
If £ candidate samples z; can not be accepted continually, then accepting zp; zq < 2b;
until size(z'T') > N;
get the model with z**?
return ¢, = ¢a;

, and obtain the decision function ¢,:+1 by equation ;

obtain a preliminary learning classifier ¢,0. Then we use the information of ¢,0 to de-
fine the transition probabilities P (or Py, Po, P3 defined in Algorithm 1). Since these
acceptance probabilities P, P, Py, P3 are positive, we can obtain an u.e.M.c sequence
z'. Specially, if the acceptance probabilities P, P1, Py, P3 are equal to 1, which is the
case of random resampling. This reflects that the classical MSVCR algorithm based on
i.i.d. samples can be regarded as the special case of Algorithm 1 with ¢ = 0, N = m,
and the acceptance probabilities P, P1, P5, P3 are equal to 1. This implies Algorithm 1
extended the classical MSVCR algorithm introduced in [1]] from i.i.d. samples to non-
i.i.d. samples. In addition, since as the value e~ 4(4.i) of the current sample z, is smaller,
the acceptance probabilities will be smaller, which implies that the candidate sample z;,
will be accepted with a smaller probability, which means that generating the Markovian
samples z/ (1 < j < ¢) will be time-consuming. To quickly draw the Markovian samples

z', we use the technical parameters £ = 30 in the following all the experimental results.

3.2. [Explanations of algorithm

(i) Comparing Algorithm 1 with algorithm introduced in [[7]

Dong et al. aim to extend the case of i.i.d. samples to non-i.i.d. samples, and study
the theory and algorithm of non-i.i.d. multi-classification methods in [7]. However, we
are now working to extend single kernel learning to multiple kernels learning, studying
the theory and algorithm of non-i.i.d. multiple kernels multi-classification methods. SVM
can solve nonlinear classification problem by kernel method. Choosing the optimal ker-
nel from a set of candidates and its parameters is a central choice, which usually must be
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made by a human user using the prior knowledge of data. In other words, the classical
kernel-based classifiers are based on a single kernel. With the advent of the big data era,
the data is diversified and the data characteristics are complicated. In practice, an ideal
classifier is usually based on a combination of multiple kernels. For complex big data
samples, we hope to use multiple kernels learning to improve classification efficiency
without increasing classification time. Dong et al. pointed out in [7l9] that a proper g
value can reduce the sampling and training total time of the algorithm without reducing
the accuracy for Markovian resampling. If the total time is a concern, we should choose
a smaller ¢ value. Multiple kernels learning can effectively reduce the misclassification
rates. However, because the combined kernel learning takes time, in order to effectively
reduce the total time, we choose a smaller ¢ value, let g=1 in this paper. So we propose
MK-MSVCR-TSL method. The effectiveness of our method is also proved in the follow-
ing experimental comparison.

(ii) Comparing Algorithm 1 with algorithm introduced in []

Comparing Algorithm 1 with algorithm introduced in [1], we can find that the differ-
ences are obvious: First, Algorithm 1 is a multiple kernels algorithm while the algorithm
presented in [1]] is a single kernel learning. This implies that Algorithm 1 extended the
algorithm presented in [1]] from a single kernel to the case of multiple kernels. In other
words, the algorithm of [[1] is a special case of Algorithm 1 proposed in this paper. Second,
the algorithm presented in [[1] is for the case that the samples are random and independent.
However, our proposed Algorithm 1 is designed for not random and independent samples.
This implies that Algorithm 1 improve algorithm of [[1].

(iii) Comparing Algorithm 1 with algorithm of [31]

we can find that although Algorithm 1 has many steps similar to that of [31]] and the
two same technical parameters are adopted, the differences are obvious: First, Algorithm
1 is a multiple kernels algorithm while the algorithm presented in [31] is a SVM algorithm
with a single kernel. Second, Algorithm 1 is a multi-class classification algorithm while
[31] is a two-class classification algorithm. This implies that algorithm of [31] can be
regarded as the special case of Algorithm 1 with & = 2 and N = m/2. Third, the total size
of training samples for [31] is 2m, which is double times of the size m for the classical
algorithm. This implies that compared to the classical SVM, algorithm of [31]] is time-
consuming. While the learning process of Algorithm 1 can be seen as 2 times “batch
learning”, and the total size of training samples is m = 2N, which is same as the classical
SVM.

3.3. Algorithmic complexity

There are m samples. Here k is the number of class. In Algorithm 1, the complexity of
a single kernel MSVCR is O(@m?’). In this paper, we choose the mean weights as
the kernel weights of MK-MSVCR. Therefore, the complexity of MK-MSVCR algorithm
is about O(@m:”). But in Algorithm 1, we divided m training samples into ¢ + 1
pieces, thus, the complexity of Algorithm 1 is about O(K(Igfl) (ﬁ)?’) If we assume

(g + 1) = m? for any v > 0, it is obvious that the complexity of our proposed MK-
MSVCR-TSL algorithm in this paper is lower than that of the classical MK-MSVCR.
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4. Estimating the Generalization Bounds

In this section, our target is to bound the generalization of MK-MSVCR-TSL algorithm.
In this paper we first consider the case of uniformly ergodic Markov chain (u.e.M.c.)
observations. As the special case of u.e.M.c., we also consider i.i.d. samples.

By the definitions of the acceptance probabilities in Algorithm 1, we can find that the
acceptance probabilities are positive. In addition, the size m of training samples is finite.
By the theory of Markov chain [24], we can conclude that the samples generated in Algo-
rithm 1 is uniformly ergodic Markov chains (u.e.M.c.). Then we present the definition of
u.e.M.c. as follows: Let (Z,.A) be a measurable space, and {Z; },>1 be a Markov chain
with transition probability measures P (S|z;), S € A, z; € Z. P"(S]z;) is defined as
Pn(S|ZJ) = P{Zj+n € S|ZZ,Z <7, Zj = Zj}.

For any S € A, z; € Z, if the transition probability P"(S|z;) satisfies P"(S]z;) =
P{zj4n € S|Z; = z;}, which is the so called the Markov property of {Z,};>1. This
property indicates that given the current state z;, the past state z;,7 < j is independent
of the future state z, ;. By these notations, the definition of u.e.M.c. is given as follows
[23]].

Definition 1. A Markov chain {Z;};>1 is uniformly ergodic, if for some B < 1,¢ <
oo, [[P"(:|2) — w()||lrv < @B™, foralln = 1,2,..., where w(-) is the stationary
distribution of { Zy }+>1, || - || v is the total variation distance, which is defined as ||y —
po||rv = supge.a |p1(S) — p2(S)| for two measures i1, o defined on the space (Z, A).

To measure the generalization ability of MK-MSVCR-TSL algorithm, we should
bound the excess generalization error £(f,) — £(fp), where fp is the minimizer of £(f)
for all measurable function f. The corresponding best classifier ¢ is the Bayes rule,
¢p = argminjey >, oy Py(2) - L{yzjy, 2 € X. To estimate E(f,) — E(fp), we also
present the following some definitions and assumptions.

Definition 2. [29] We call the function fg is approximated if there exists a constant C
with an exponent 0 < q < 1 such that D(\) satisfies D(X\) < Cy\9 for any A > 0.

For simplicity, we take C; = 1 in this paper. Since the minimization (3] is taken for
the discrete quantity £(f), bound the excess generalization error involves the capacity of
H i . In this paper the capacity of function set is managed by the covering number.

Definition 3. For a subset F of a metric space and € > 0, the covering number N (F, €)
is the minimal ny € N such that there exist ny disks with radius € covering F.

For R > 0,Br = {f € Hx : ||f||lx < R}.Itis a subset of C(X) and the covering
number is well defined [31129135]]. For any € > 0, N'(e) = N (B, €) is expressed as the
covering number of B .

Definition 4. [29] The RKHS H x is said to have a polynomial complexity exponent s >
0 if there is some constant Cs > 0 such that ln N'(e) < Cs(1/€)%,Ve > 0.

Assumption 1 For {#H,}7_,, H, is separable with respect to the norm RKHS, and we

set k = sup,ex \/ Kp(z,x) < 1. In this paper, we assume that there exists a constant
M >0, we have fp < M [[I2)], and C = max{Cy,Cs} = 1.



MK-MSVCR: An Efficient Multiple Kernel... 151

Our main results on the generalization of MK-MSVCR-TSL algorithm are stated as
follows.

Theorem 1. Assume z = {z;}"., € Z™ is an u.e.M.c. sample. For any 0 < § < 1, with
probability at least 1 — 0, inequality

5UU—5UQSMXM+2%“ﬁ%&“ZfVMM1M@

448|| T |IPC RS2\ <
+2( 8| 1o||"Cs R >+1
m

is valid provided that m > 448R|| Ty ||* In(2/6)(In(2/8) /Cs ) /5.

Corollary 1. Let z = {7}, € Z™ be an u.e.M.c. sample. Taking A\ = (%)# we
have that for any 0 < § < 1, the following inequality is valid with probability at least
1-9,

)141rs,

3~

E(f2) — E(f) < C(

where C = 896|| Ip||* R2(4C, 71 + 41n(2/6) + 3).

Theorem 2. Assume z = {z;}1", € Z™ is an i.i.d. sample. For any 0 < § < 1, with
probability at least 1 — 0, the inequality

E(fa) — E(f5) <D (2 + 142;2)) N 143211(@)

In(2) N 2(300R205(4R)5) T
m

+
is valid provided that m > TARn(2/6)(In(2/8)/Cs)"/5.

Corollary 2. Assume z = {z;}", € Z™ is an i.i.d. sample. Let A = (%)f For any
0 < 6 < 1, we have that the inequality

)141rs

1
m

E(fa) — E(fp < C(

is valid with probability at least 1—5, where C' = 600R2(4C, w1 +1n(2/9)) is a constant.

Theorems [T}j2] and Corollaries [I}2] will be proved in Appendix B. Besides, in order to
have better showing these theoretical results above, we give the following remarks.

Remark 2. By Corollaries we have that E(f,) —E(fB) — 0, as m — oo. This
means that the MK-MSVCR algorithm based u.e.M.c. (or i.i.d.) samples is consistent. To
our knowledge, all these results above are the first works on this topic.
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5. Numerical Studies

In this section, We compare Algorithm 1 with the support vector classification regression
machine for multi-class classification (MSVCR) [1]], the MSVCR algorithm with multi-
ple kernel learning (MK-MSVCR), the mean weighted multiple kernel SVM [13] with
OVO method (MKSVM-0OVO), the mean weighted multiple kernel SVM [13] with OVA
method (MKSVM-0OVA). MKSVM-OVO is a algorithm that the mean weighted multi-
ple kernel support vector machine is combined with one-versus-one strategy to handle
multi-class classification, and MKSVM-OVA is a algorithm that the mean weighted mul-
tiple kernel support vector machine is combined with one-versus-rest strategy to handle
multi-class classification.

5.1. Datasets and experimental setup

We use 9 public datasets from UC]E] datasets: Connect4, Postures, Swarm, Twitter, Pavia,
TV _News, Mnist, Proyecto, Kegg. For each dataset, we first divide randomly each data
sets into the training set Dy,q;, and the test set Dy.g;. The information of these datasets
is summarized in Table[I] All experiments were run on Intel 2.80GHz E5-1603 v4 CPU
with MATLAB 2018a.

Table 1. 9 Public Datasets

Dataset BDtrain fD¢est fInput Dimension fClass
Connect4 50668 16889 126 3
Postures 58571 19524 36 5
Swarm 54036 18012 200 6
Twitter 169850 56616 77 9

Pavia 120000 28152 102 9

TV News 97263 32422 132 10
Mnist 45000 15000 780 10
Proyecto 47010 15670 7 21
Kegg 49152 16384 25 25

All the experimental results are based on 50 times repeated experiments and the fol-
lowing 8 kernels: a linear kernel K (a,b) = a'b, three polynomial kernels K (a,b) =
(1 + a’b)? with d = {2,3,4} and four RBF kernels K (a,b) = exp(—|la — b||?/20),
where o is chosen from the set {0.001,0.01,1, 10}. The other parameters of algorithms
are also obtained through 10-fold cross-validation from [1073,1072,...,10%]. For ex-
perimental results of classical MSVCR algorithm with single kernel, we choose the best
results between among 8 kernels.

Now, we state our experimental process as follows: (i) Train z and obtain a classifier
¢, by Algorithm 1. (ii) Test the classifier on the given testing set and calculate the cor-
responding misclassification rates. (iii) Do process (i)-(ii) above under the same samples
z by the above 4 multi-class classification algorithms, respectively. (iv) Repeat process

5 http://archive.ics.uci.edu/ml/datasets.html
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(i1)-(iii) above for 50 times and calculate the average misclassification rates of 5 algo-
rithms, respectively. In this paper, we use “MSVCR”, “MK-MSVCR” , “MK-OVO” and
“MK-OVA” to refer the experimental results of MSVCR, MK-MSVCR, MKSVM-OVO
and MKSVM-OVA algorithms based on randomly independent samples, respectively.

5.2.  Comparison of misclassification rates

We show the average misclassification rates of 5 algorithms in Tables [2}f3]

Table 2. Average misclassification rates (%) with m = 9000

Dataset MK-MSVCR-TSL MK-MSVCR MSVCR MK-OVO MK-OVA

Connect4  30.04+0.39 30.90+0.42 33.59+£0.40 32394042 33.59+0.48
Postures 21.59+0.32 23.49+0.35 28.02+0.36  24.07+0.39  26.49+0.39
Swarm 35.13£0.36 36.93+0.38 39.15+£0.41 38.45+0.47  39.48+0.49
Twitter 11.73+0.29 15.17£0.31 20.21£0.35 17.18£0.37  16.50£0.40
Pavia 20.97+£1.09 22.78+1.61 29.18£1.61  27.36+£1.01 26.52+1.40
TV_News 30.43+0.31 33.96+0.30 35.23+0.35 33424031 33.50+0.31
Mnist 11.02+0.32 13.96+0.41 16.66£0.35  16.06+0.51  15.54£0.42
Proyecto  33.44+0.31 34.93+0.35 36.13£0.29  35.4340.39  35.45+0.45
Kegg 33.95+0.34 35.11+£0.30 38.11+£0.38  36.30£0.53  36.89+0.47

Table 3. Average misclassification rates (%) with m = 25000

Dataset MK-MSVCR-TSL MK-MSVCR MSVCR MK-OVO MK-OVA

Connect4  28.01+0.33 29.91£0.35 31.62+0.35 31.494+0.50 31.85+0.45
Postures 18.90+0.34 25.27£0.33 28.87£0.39  27.51+£0.41 29.404+0.40
Swarm 33.11£0.32 35.92+0.34 38.16+£0.41 36.51+0.51 36.53£0.34
Twitter 10.01+0.25 16.37+0.31 21.21+£0.36  20.404£0.33  17.94+0.40
Pavia 19.90+1.01 26.15£1.55 30.01+£1.44 32.584+0.84 32.61£1.50
TV_News 28.43+0.32 31.92+0.35 34.25+£0.34  31.45+0.39 32.49+0.32
Mnist 10.98+0.34 13.86+0.37 16.06+0.39  14.58+0.34  15.47+0.36
Proyecto  31.50+0.34 34.92+0.35 35.15+£0.30 34.384+0.43  34.36+0.45
Kegg 31.44£0.29 33.90+0.35 35244036 34.444+042 34.53+0.43

By Tables we can find that for m = 9000 (or m = 25000), the means of mis-
classification rates of the proposed MK-MSVCR-TSL algorithm are less than that of other
multi-class classification algorithms, and the standard deviations of misclassification rates
for the proposed MK-MSVCR-TSL algorithm are also less than that of other multi-class
classification algorithms. In detail, according to the experimental results of MSVCR and
MK-MSVCR algorithms with randomly independent samples, we can find that the means
of misclassification rates of the proposed MK-MSVCR algorithm are less than that of
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MSVCR algorithms, it is imply that for more complex and larger multi-classification data,
multiple kernel learning can effectively improve the classification accuracy.

Table 4. Wilcoxon tests of average misclassification rates for 5 algorithms

Comparison RT™ R~ Hypothesis(a = 0.05)  Selected

MK-MSVCR-TSL vs. MK-MSVCR 0 45  Rejected MK-MSVCR-TSL
MK-MSVCR-TSL vs. MSVCR 0 45  Rejected MK-MSVCR-TSL
MK-MSVCR-TSL vs. MK-OVO 0 45  Rejected MK-MSVCR-TSL
MK-MSVCR-TSL vs. MK-OVA 0 45  Rejected MK-MSVCR-TSL

In Table ] we apply the Wilcoxon signed-rank test (o = 0.05)[?] to verify whether
there exist statistical significance between the proposed MK-MSVCR-TSL algorithm and
other 4 algorithms by using the mean of misclassification rates presented in Table [3] By
Table ] we can find that the proposed MK-MSVCR-TSL has better performance com-
pared to other 4 multi-classification algorithms.

In order to have a better showing the learning performance of the proposed MK-
MSVCR-TSL algorithm more clearer, we present Figures [TH§] to compare 50 times mis-
classification rates of MK-MSVCR-TSL algorithm with that of other algorithms. Here,
we use “red cross”, “blue square”, “green circle” and “magenta asterisk” to denote the
misclassification rates of MSVCR, MK-MSVCR, MKSVM-OVO and MKSVM-OVA al-
gorithms based on randomly independent samples, respectively. Here m is the size of
training sample, and the number of repeat experiments and the misclassification rates are
represented on the horizontal axis and the vertical axis, respectively.

—+= MK-MSVCR-TSL — 4= MK-MSVCR-TSL,
—sh— MSVCR-ID MSVCR-ID

- @ = MKSVM-OVO-iID) - 8 - MKsV-0vO-10
MKSVM-OVA-iID)

i L Sy S e O

saloghl® Rl ® 5 ’_,rt ipﬁl J;(_. \_;.X“\f.,L .

2l 'c"q"s b A; R e :"-\,:i'h
HE R N A A

Misclassification rates (%)

Misclassification rates (%)

Misclassification rates (%)

B 8 &

R S P P P

o ,".\_'.-\\.‘,',,\..-‘.\,.‘y.-,f LA Iad 5 L

¥ N Y o | ;
+ st 4 ¥

E) o 0 20 o
The number of experiments

() (b) ()

0 % 0
The number of experiments

10 2 0 o
The number of experiments

Fig. 1. 50 times experimental misclassification rates for m = 10000: (a) Connect4; (b)
Postures; (¢) Swarm

By Figures [T}j6} we can find that for the same size (m = 10000 or m = 20000) of
training sample, all the 50 times misclassification rates of MK-MSVCR-TSL are generally
smaller than that of other multi-class classification algorithms. This means that in terms
of classification accuracy, our algorithm has obvious advantages. And we can find that as
the sample size increases, the advantages of our proposed algorithm are more obvious.
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5.3. Comparison of total time

We show the sampling and training total time of 5 algorithms in Tables [5}{6}

By Tables 56| we can find that for m = 9000 (or m = 25000), the sampling and
training total time of the proposed MK-MSVCR-TSL is shorter than that of other 4
multi-classification algorithms. Combined with Tables 2}j3] for the experimental results
of MK-MSVCR-TSL and MK-MSVCR algorithms, we can find that the sampling and
training total time of the proposed MK-MSVCR-TSL algorithm is shorter than that of
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Table S. Sampling and training total time (s) for m = 9000

Dataset MK-MSVCR-TSL MK-MSVCR MSVCR MK-OVO MK-OVA
Connect4 3834.00 8270.45 5264.87 9930.60 7305.26
Postures 8053.02 23431.51 8914.51 18711.38 15302.13
Swarm 3809.33 9610.83 4088.25 10514.35 8484.36
Twitter 1543.39 5027.24 2532.39 4739.51 4243.14
Pavia 3163.18 9340.25 5231.44 8631.60 8369.17
TV_News 2038.28 5349.02 2454.38 4936.21 3696.07
Mnist 913.72 5381.88 1865.35 5691.39 8170.49
Proyecto 2935.07 8138.91 3519.49 9287.14 8036.25
Kegg 3836.14 13796.48 5103.23 12364.96 13505.16
Sum of Time 30126.14 88346.59 38973.91 84807.14 77112.03

MK-MSVCR algorithms, it is imply that for more complex and larger multi-classification
data, our algorithm has obvious advantages in terms of sampling and training total time
while ensuring certain classification accuracy.

In Table we apply the Wilcoxon signed-rank test (o« = 0.05)[?] to verify whether
there exist statistical significance between the proposed MK-MSVCR-TSL algorithm and
other 4 algorithms by using the sampling and training total time presented in Table ??.
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Table 6. Sampling and training total time (s) for m = 25000

Dataset MK-MSVCR-TSL ~ MK-MSVCR  MSVCR MK-OVO MK-OVA
Connect4 5009.91 10303.13 7041.91 12343.38 11069.20
Postures 11819.79 43427.13 13434.19  40741.38 36957.31
Swarm 9153.73 23429.15 13007.13 31245.58 29894.29
Twitter 3968.61 15353.13 7872.34 10013.18 8943.33
Pavia 8468.84 20311.17 12935.34 38031.12 35085.71
TV_News 2351.95 7360.40 5340.13 7671.83 7052.36
Mnist 2368.15 8689.35 3399.91 9400.62 10261.12
Proyecto 6054.01 12437.59 8695.15 14343.83 12118.36
Kegg 9846.13 30971.74 19678.04 35083.51 29836.58
Sum of Time 59041.13 172282.79 91404.15 198874.44 181218.27

By Table [/] we can find that the proposed MK-MSVCR-TSL has better performance
compared to other 4 multi-classification algorithms.

Table 7. Wilcoxon tests of sampling and training total time for 5 algorithms

Comparison RT™ R~ Hypothesis(ow = 0.05)  Selected

MK-MSVCR-TSL vs. MK-MSVCR 0 55 Rejected MK-MSVCR-TSL
MK-MSVCR-TSL vs. MSVCR 0 55 Rejected MK-MSVCR-TSL
MK-MSVCR-TSL vs. MK-OVO 0 55 Rejected MK-MSVCR-TSL
MK-MSVCR-TSL vs. MK-OVA 0 55 Rejected MK-MSVCR-TSL

6. Conclusions

In this paper we firstly considered the generalization bounds of MSVCR algorithm with
multiple kernels based on u.e.M.c. samples. As its application, we also established the
generalization bounds of MK-MSVCR algorithm for the case of i.i.d. samples and ob-
tained the fast learning rate of MK-MSVCR algorithm for u.e.M.c. and i.i.d. samples,
respectively. In addition, we also introduced a new algorithm, the MK-MSVCR-TSL, and
showed that the experimental results of the proposed algorithm for public datasets. The
experimental results shown that the means of misclassification rates of the MK-MSVCR-
TSL and MK-MSVCR are smaller than the classical MSVCR introduced in [1], which
implies that the proposed multiple kernel learning can obviously improve the learning
performance of the classical MSVCR for large sample size. The experimental results also
shown that not only the means of misclassification rates of the MK-MSVCR-TSL are
smaller than other multi-class classification algorithms, but also the sampling and train-
ing total time of the MK-MSVCR is less than that of other multi-class classification al-
gorithms, which implies that the proposed MK-MSVCR-TSL have obvious competitive
strength for learning performance. In other words, the two-stage learning from the given
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datasets is a new strategy of improving the learning performance of the classical MSVCR
algorithm. Moreover, the experiments display that the proposed algorithm is valid and
competitive compared to other multiple kernels multi-class classification methods.

Based on the existing work, there are still several open issues worth further research.
For example, applying our method to deep neural networks, using the idea of distributed or
parallel to accelerate our method. These problems mentioned above are under our current
investigation.

Appendix A

In this section, we give the proof of the main results.

Proposition 1. Let fy = argmincq5, {M|flI% + E(f)}, D(A) = E(fr) — E(f) +
M fall%. Forany z € Z™, \| fz||% > 0, we have that inequality

E(fz) = E(fB) <A{T1 + T2} + D(N),

is valid, where

Ty :=E(f2) — Ea(fa) — E(fB) + Ea(fB),
Ty :=E,(fx) = E(fr) — E(fB) + E(fB).

Proof: Since for any z € Z™, \||f,|% > 0, we have the following error decomposition
inspired by idea from [30],

E(fa) = E(fr) <E(f2) = E(fr) + Allfull
={E(f2) = &a(f2) + Ea(fz) — E(fB) + Ea(fB) — E2([B)
+E(f2) = &(f) = E(fx) + E(fx) + E(fB) — E(fB)}
+{Afallk = Al + AN
={&(fz) — &(fz) — E(fB) + E(fB)}
+{&(f\) —E(fx) = &(fB) + E(fB)}
+{&(fa) = Ea(f) + Al fall% = M Al
+{E(H) = E(fB) + Al A%
=Ty + T+ T3+ D(\) <Th +To + D(N)
The last inequality above is follows from the fact that 73 < 0 since by the definiton f,, we
have &, (fz) + Al fzl|% < E(fr) + A fal|%- D(X) is called the regularizing error, which
is independent of the sample z, but is dependent of the space H x. Then we complete the

proof of Proposition
To prove our results presented in Section 3, our main tools are as follows.

Lemma 1. [29] Let £ be a random variable on a probability space Z with mean E(§),
variance 0*(§) = o2, and satisfying |£(2) — E(£)| < Mg for almost all z € Z. Then for
alle >0,

m 2

PLLS e - Blo) 2} <emp{ 7).

i 2(0? + L Mee)
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Lemma 2. [29] Let G be a set of functions on Z such that for some ¢, > 0, |g — E(g)| <
B almost everywhere and E(g*) < c,E(g) for each g € G. Then for every ¢ > 0 and
0<a<l,

E(g) — o Y 9(2)
P{itelpg) E(g)+1€ Z4C¥\£} g/\/(g,as)exp{—

a’me }

2¢, + %B

Lemma 3. [31|] Let G be a countable class of bounded measurable functions, and Z be a
u.e.M.c. sample set. Assume that 0 < g(z) < Cg for any g € G and for any z € Z. Then
for any € > 0, we have

o e 9(21) — E(g) —m
e Ve i)

where || To|| = v2/(1 — %/27”), and [31, ny are two positive constants independent of
m.

Lemma 4. With all notations as that in Lemma 3] then for Ve > 0, we have

P{ LS g(z) — Elg)

sup =
9€g E(g) +¢

> 47} < exng,e){ﬁ}.

Lemma 5. [l6]] Let ¢1,co > 0, and p1 > pa > 0. Then, the equation xP* —ciaP? —cy = 0
has a unique positive zero x*. In addition, we have x* < max{(2c;)Y/ (P1=P2) (2¢,)1/P1},

Proposition 2. Assume z = {z;}1, € Z™ is an u.e.M.c. sample. For any 0 < § < 1,
the following inequality is valid with confidence at least 1 — 6/2,

Ty < S[E(f2) — E(fB)] +£7(m,0/2),

NN

48| o |I°R% In(3) 448|102 CaR*H? | L
wheres*(m,%)zmax{ I o\lm n(5)7( 8| ol\mCsR y=r L,

Proof: Set &, =V (y, f) — V(y, fB). It is clear that &; varies among a set of functions in
accordance with the varying sample z. Let Gg = {g|g(z) =V(y,f) = V(y, [B), f €
BR}. We have

Blg) =€(5) — €(f5) = 0, 3" g(z) = &) — &lJ5).

9(2) =Ci[(1 —yf(@))+ = (1 = yfB(2))+] - Liyr0)
+ Co[(f(2) — fB(2))(f(2) + fB(2))] - Liy=0}-

Since || flloe < [[fllx < Rand |fp(x)| < M almost everywhere, by the restriction

M < Rand C = max{Cy,Cy} = 1, we have

19(2)| < CL(R+ M) + Co(R+ M)(R+ M) < 4R?.
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It follows that |g(2) — E(g)| < 8R? almost everywhere, and

9> =1Ci((1 —yf(x ))+ - (1 =yfB(®@))+) - Liyzo}

+Oo(f*(2) — fE(x)) - 1{y oyl?

=CP[(1 —yf(x )) — (1= yfp(@)+]*  Lyzoy
+ C3[f2(x) - f(2))? 1{y 0}

<CCI[1—-yf(@)+ — (1 —yfp@)+](R+ M) Lz
+ CC[f?(x) — [B(@)](R® + M?) - 1gy—gy

<2R? - [C1((1 = yf ()4 — (1 = yfB(2)+) - Liyzoy
+ Co(f2(2) = [3(2)) - 1py=oy]-

Thus E(g?) < 2R%*E(g), and

sup EU) = EUB) - ( 2(f) —E&alle) _ 0 BlO) — Bt
feBr VEf)—E(fr) +e 9€Gr VE(g)+e
Applying Lemma[d]to the function set G, we have that inequality

E(f) —€(fp) — ( 2(f) — &(fB)) _ B(g) — ity 9(1)
feBr \/8 E(fp)+e B gseugi E(g)+e¢ = Ve
holds with probability at least 1 — N'(Gg, ) exp { —

By Definition [ we have

g(Zz‘).

me }
56-4R2-||Io|]? J*

o E) —EUB) = (Elf) — ElfB))
Pl Ve —Efn) T2 > VE)
NG 2)ew |~ prairp)

R, me
<exp{Ci(2) _WW}'

Let 0 = exp {C(£)
Lemmal[3] we have

— W}. Solving this equation with respect to ¢, by

448 R2|| I, ||1? In(
w { MERADIP W)

448||F0||ZC’SRS+2) 1 }
m m '

e=¢"(m,d) =

It follows that the following inequality holds with the probability at least 1 — &

E() ~ £(f5) — (Ealf) — E(F5)) < LIE) — E(fp)] + " (m.5).
Replacing f by f,, we have that the following inequality

2
=&(f) = €(fB) — (&a(f2) — &u(fB)) < %[S(fz) —&(fB)] +€"(m,6/2)

is valid with probability at least 1 — g Therefore, we complete the proof of Proposition
By making use of the similar proof method as that in Proposition 2] and Lemma 2, we
have
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Proposition 3. Assume z = {z;}1, € Z™ is an i.i.d. sample. For any 0 < § < 1, we
have that the following inequality holds with confidence at least 1 — §/2,

< SE(f) — E(fo)] + £, 5/2),

where 5(m, 2/8) = max { 300R* In(2/9) , (3003205(43)5 )ﬁ }

m m

Proposition 4. Assume z = {z;}7, € Z™ is a u.e.M.c. sample. For any 0 < § < 1, we
have that the following inequality holds with the probability at least 1 — 0 /2,

112 R)? - ||lo||" In(2
ry< 1o+ \/7+ | Tol* ()

Proof: By the definitions of f) and D(\), we have )\||f)\||K <EH)-EfB)HAAI% =
D(A). It follows that | fx||lec < [[fallx < /D(A)/A. Set & = V(y, ) = V(y, fp), we

have

& =C1(1 — yfa(@)+ - Liyzor + Co(y — fr(@) - Ly—oy
— C1(1 = yfB(@))+ - Lgyzoy — Coly — f5(2))* - 1gy—oy
=Ci[(1 = yfa(@))+ — (1= yfp(2)+] - Liyzoy + ColfX (@) = fE(2)] - Lgy=oy,
then Tp = L 3" &(2) — E(&2). Since | fp| < M < R almost everywhere, we have
[S2] <[C1[(1 = yfa(@)+ — (L= yfB(@))+] - Liyzoy
+ Co[(fa(@) = fB(2))(fa(2) + f5(2))] - Liy=0}]
<C(v/DAN)/A+ R) +C(/DN)/X\+ R)(v/D(X\)/X+ R)
<2(v/D(\)/X + R)? := 2b.
Hence &5 — E(&)| < Mg, = 4b, |&| < 2(/D(N)/X + R)? := 2b. Moreover, we have
B(&) =E[Ci((1 — yfa(@)+ — (1 = yfp(2))+) - Liyzop
+ Ca(fa(2)? — f5(2)?) - Liyeoy)?
=E{C\[(1 —yfa(z ))+ = (1= yfp(@))+] Liyzo}?
+ E{C5[(fa(x) — fB(2))(fr(z )+fB( ))] Liy= 0}}2
<C?|[falz) - fB( )7+ C?llfa(x) )ll;(VDN) /X + R)?
<C*(|| fa(z) — ( )||i+>\||fAHK)+CQ(HfA( ) = fB( )
+ Al £l v /A +R)?
<C?D(\) +C*D \/7+R
(1 + \/7+R = D(\)(1+b).

Applying Lemma([3] we have that for any e > 0,

%22115 (21) — E(&2) —m
al Fe 2V SQXP{WOIF%}'
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It follows that for any 0 < § < 1, with probability at least 1 — 9, inequality

112(y/D(V)/A + R)? - | Io||* In(2)

—Zfz () ~ B(&) < 5DV +

is valid. Then we accomplish the proof of Proposition 4]
Similar to the proof of Proposition 4] we obtain the following bound of 75 for i.i.d.
samples.

Proposition 5. Assume z = {z;}"., € Z™ is an i.i.d. sample. For any 0 < 6 < 1, the
following inequality holds with the probability at least 1 — § /2,

) .

[SAIN)

7ln(%)) N 7R?In(2) N 2 In(

T, < D(A)(l +—

m m

Proof: Applying Lemma by Proposition we have that for any ¢ > 0, % Yo &a(zi)—
E(&2) < t, with confidence at least

mt? mt?
e { - 2(02(&) + %M&t)} 21— e { - 2DV (1+b) + 2 ~4bt]}
2

mit
2D(A)(1+b) + Sbt }

:1—exp{—

Select t* as the only positive solution of the equation

mt?

— =Inéd.
2D(A)(1+b) + Sbt

So, 23" &(2;) — E(&) < t* holds with probability 1 — 6. Then

’m

L1n(1) +/(2n(3)2 +2D()(1 + bmn(})

=
S%;@>+Vﬂxmu+wmo>

(1+b) ln(%).

In(X
<8b n(6)+ ]

<PRE) L poy+
Recall b = (/D(\)/X + R)? < 2(D()\)/)\ + R?). It follows that

).

S|

71n(%)) N 7TR?In(3) N 1 In(

t < D) (1+ —

m m

Then we accomplish the proof of Proposition 3]
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Appendix B

Proof of Theorem [1} Assume z = {z;}7, € Z™ is a u.e.M.c. sample. Similar to the
proof of Theorem 2] we have that for any 0 < ¢ < 1, with probability at least 1 — 4, the
inequality

E(f2) —&(fB) <3D(A) + 224 . (\/W‘;R)z 1 To]" n(3)

448|| L |IPC RS2\ w5
+2( 8” OH CSR ) +1
m

is valid provided that m > 448R)||Iy||* In(2/8)(In(2/8)/C,)*/*. Then, we accomplish
the proof of Theorem

Proof of Corollary 1} Assume z = {2}/, € Z™ is a u.e.M.c. sample. According
to Deﬁnition D(\) < M. Then for any 0 < ¢ < 1, with probability at least 1 — ¢, we
have

E(fa) —E(fB)
2902
<sp(y) 4 24 WD+ B2 5] In(3)

) 24 (VDA + B2 - || n(§)

+2¢%(m, §/2)

<3D(\
2
n 896|| 1| R? 1n(%) n

448|| L |IPCsRe+2
5 [ Lol yohe
m m
— Xt Ne=n/2q 1. .
OV + ot —+ e+ = ()T,
m m m m

where C = 896|| Iy || 2R2(4C, 71 + 41n(2/5) + 3).
Let A = (1 )ﬁ and g close to 1, so the inequality

m

P e N | 1 —1
+ =+ —+ —+(—)1is) <C(—)m
m m m m m m

E(fa) —E(fz) < T(X +

is valid with probability at least 1 — &, where C = 896|| I, ||* R2(4C =T +4 In(2/6)+3)
is a constant. Then, we finish the proof of Corollary|[I]

Proof of Theorem 2} Assume z = {z;}, € Z™ is i.i.d. sample. With the bounds
of T} (Prop, To(Prop{5) and D(X)(Def.3), we have that with confidence 1 — 4,

E(fz) —E(fB) T+ T+ D(N)
2 210(2)  1n(2
71:;(/\6))_’_73 1 (6)+ 21 (5)

S%[s(fz) —&(fB)] +D(A)(1 + +&(m,d/2).

m

For £(m, §/2), the inequality ( )T > is valid with m >

TARIN(2/5)(In(2/5) /C)V/*, we getE(m, 6/2) = (2LEC-UR° ) =55 Thys, for any 0 <

300R?>C,(4R)® 300R? In(2/4)
m m
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& < 1, with probability at least 1 — §, we have

\V]

E(f) — E(fB) SD()\)( . 14:;(%)> . 14R:Ln(%)

In(2 300R2C(4R)*\ =+
n(3) +2( (4R) ) o
m

+

Then, we finish the proof of Theorem@}
Proof of Corollary [2; Assume z = {z;}, € Z™ is ii.d. sample. According to
Deﬁnition D(X) < \4. Then for any 0 < d < 1, with probability at least 1 — §, we have

E(fz) = E(fB)

141n(2) 14R%?In(2) 1In(2)
< 5 5 5 -
<D()(2 — )+ iy +22(m, §/2)
2 21n(2 2
N2+ 14111(5)) N 14R*In(%) N In(5)
mA m m
600R?In(2 300R2C(4R)* |
N () |y B0RC.ARY?
m
~ A 1 1 1 1.1
< q R — — — —)T+s
_C(/\ +m)\+m+m+m+(m) " )’
where C = 600R2(4Css+%+ln(2/5)). Let A = (%)# and ¢ close to 1, so the inequality
~ P 3 1.1 ~ 1 1
_ < q - — —)iFs | < —)1+s
Ef) —E(m) SC(N+ o+ = () ) < O™

is valid with probability at least 1—§, where C' = 600R2(4C, 1 +In(2/0)) is a constant.

Then, we accomplish the proof of Corollary
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