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Abstract. We prove the existence of a maximal solution to any lattice-valued fuzzy
relational equation, inequation, or system, in which infimum, supremum, and the
standard composition are used. This result holds under the assumption that, in the
codomain lattice, the infimum operation commutes with suprema of chains. To es-
tablish this result, we first recall and extend several lattice-theoretic properties under
the assumption of meet-continuity. In particular, we recall that meet-continuity of
the codomain lattice ensures composition-continuity in the lattice of L-valued re-
lations. Building on these properties, we introduce algorithms for constructing the
least solution to a broad class of equations and inequations, and prove that these
algorithms terminate after at most countably many steps.

Keywords: Meet-Continuity, Lattice-Valued Relations, Relational Equations, Re-
lational Inequations.

1. Introduction

Meet-continuity was defined implicitly in the works of Tarski on algebraic logic, clo-
sure operators, and complete lattices [23l24]], while the very term meet-continuity ap-
peared later, in the works of Keimel, Gierz, Hofmann, Keimel, Lawson, Mislove, Scott,
etc. [8L9U13]]

In complete lattices, the condition of being a meet-continuous is weaker than infinite
codistributivity. In the latter case, lattice operators ¢,(z) = a A  commute with any
supremum (of possibly infinitely many elements), while in the case of a meet-continuous
lattice, such operators commute only with the supremums of chains. For a finite chain,
such a condition is superficial, since it holds in any lattice. So, the point is that operators
of the type ¢,(z) = a A x commute with infinite chains. However, not only does this
condition fail to imply infinite codistributivity, but it also fails to imply even the ordinary

* A part of the results provided in this paper was presented in the Artificial Intelligence Conference, held in
Belgrade, October 9-10, 2025.



1546  Stepanovi¢ and Tepavcevié

codistributivity (which is satisfied in distributive lattices). Every finite non-distributive
lattice shows this, since every finite lattice is meet-continuous. Take, for example, the
following Pentagon lattice: L = {0, 1, a, b, c}, where 0, 1, a, b, ¢ are any elements in the
given relationship (Figure 1). This lattice is meet-continuous, but it is not distributive (and
hence neither infinite-distributive as well.) Indeed, we have: a A (bV ) # (aAb)V (aAc),
sincea A (bVe)#aANl=aand (aAb)V (aAc)=0V0=0 (Figure 1). This lattice
can be a co-domain lattice in this framework.
1

Fig. 1. A meet-continuous, non-distributive lattice.

While infinite codistributivity implies meet-continuity, finite codistributivity (which
holds in distributive lattices) does not. The lattice in Figure 2 is distributive, but not meet-
continuous, sincea =a A \/ b, > \/ (aAb,) =0
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Fig. 2. A distributive lattice which is not meet-continuous.

In this manuscript, we are considering lattice-valued relational equations and inequa-
tions with a complete meet-continuous codomain lattice. We find extremal solutions of
such equations and inequations. We use the fact that the meet-continuity of the codomain
lattice implies composition-continuity in the lattice of L-valued relations [20]. We intro-
duce a sort of general lattice-valued relational equation and inequation, using the usually
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defined composition, as well as the infimum and supremum. In order to prove the ex-
istence of a maximal solution to the general equation, inequation, and their systems, we
prove that any term with n variables - considered as a mapping from the lattice of n-tuples
of relations to the lattice of fuzzy relations - commutes with the supremum of chains of
n-tuples of fuzzy relations.

The significance of these results in general algebra and its applications also lies in the
fact that all algebraic lattices, such as the lattice of all subalgebras or the lattice of all
congruences (i.e., equivalences compatible with all algebra operations) of an algebra, are
meet-continuous (see [25]]). The lattice of weak congruences (symmetric and transitive
relations compatible with all algebra operations) - a lattice that contains the congruence
lattices of all the subalgebras - is also an algebraic lattice, thus it is meet-continuous.
Thus, the property of algebraicity and consequent meet-continuity of these well-known
lattices constitute a part of the motivation to consider the fuzzy sets, relations, and their
(in)equations in the case of a meet-continuous codomain lattice.

2. Related work

Goguen introduced L-valued sets, relations, and their composition [10], thereby general-
izing the notions of fuzzy sets, fuzzy relations, and their composition. Building on this
framework, various special cases have been studied in order to obtain more refined re-
sults concerning fuzzy relations and their systems. These include approaches based on
additional conditions, such as infinite distributivity [L1{17]], as well as extensions of the
underlying structure through additional operations, for example, in the setting of residu-
ated lattices [3l6414)16/18]].

Infinite distributivity of infimum over supremum, or multiplication over supremum (in
case of residual codomain lattice) implies the existence of the greatest solution to some
lattice-valued relational inequations or equations [18/22] (sometimes under additional
condition of solvability). But infinite distributivity is a very strong condition in this con-
text. Therefore, in 2018, the existence of a maximal solution to some lattice-valued rela-
tional inequations and equations was proved under a weaker condition of meet-continuity
of the codomain lattice [19]. These results were extended to more types of equations in
[20] due to the fact that the meet-continuity of the codomain lattice implies what we call
composition-continuity in the lattice of L-valued relations. In this manuscript, we prove
that, actually, these two continuities are equivalent.

In 2022, the existence of the greatest and the least solution was proved for some
lattice-valued relational equations and inequations, in the general case of a complete
codomain lattice [21]]. Here we provide algorithms for the construction of the least so-
lution of a wide class of inequations, equations, and their systems, in the case of a meet-
continuous codomain lattice. They produce the least solutions in at most w steps, where
w is the first (i.e., the least) countable ordinal, thus also proving the existence of the least
solution in these cases.

3. Preliminaries

A sufficient condition for having a maximal element in a non-empty poset is given in the
following well-known lemma from set theory:
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Lemma 1. [4](Zorn) If in a non-empty poset every chain has an upper bound, there exists
at least one maximal element in the poset.

Let A be a set, and L a lattice. An L-valued set on A (or L-valued subset of A) is any
mapping p : A — L. In the most general case A can be any set, but in applications, A is
usually finite or countable.

Set of all L-valued sets on A is denoted by LA:

L4 is a lattice, relative to the following ordering:

i< v (Yae A)ula) < v(a))

We say that the lattice L is the codomain lattice of L.

An L-valued relation on A is any L-valued set on A2, i.e. any mapping P : A? — L.
Thus, LA*4 is the set of all L-valued relations on A.

If L is a complete lattice, P, Q € L**4, the composition of fuzzy relations is usually
defined by:

(PoQ)(z,y) = V (P(z,2) AQ(2,y))

z€EA

Note that this composition is an order-preserving operation in L“4*4, relative to both
operands.

The completeness of a codomain lattice is transferred to the lattice L4. It is easy to
check that supremum and infimum relative to the above componentwise ordering are also
componentwise, i.e., that:

(V wi)(a) =V pi(a)

i€l i€l
(A pi)(a) = A pi(a)
iel iel

Definition 1. An element a of a complete lattice L is said to be meet-continuous if the
following holds:

a/\\/xiz\/(a/\xi)

iel iel
for every chain {z; |1 € I} C L.
A complete lattice L is said to be meet-continuous if all its elements are meet-continuous.

The property of being meet-continuous is transferred from the codomain lattice to the
set of fuzzy sets:

Proposition 1. [20] If A is a set and L a complete meet-continuous lattice, the poset L*
of fuzzy sets on A with membership values in L is also a complete meet-continuous lattice.

This proposition also applies to the lattice L*4 of fuzzy relations on A with mem-
bership values in L, since it may be seen as the lattice of fuzzy sets on A x A with
membership values in L.

A more special notion of algebraicity of a complete lattice is introduced using the
notion of compactness of a lattice element.
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Definition 2. An element | of a complete lattice L is compact if the following holds: for
every U C L, ifl < \/ U, there exist a finite subset F of U such thatl < \/ F.

Definition 3. A lattice L is algebraic if every | € L is the supremum of compact elements
less than or equal to l.

Proposition 2. [25] Every algebraic lattice is meet-continuous.

Meet-continuity of the codomain lattice is connected to so-called composition-continuity
of the lattice L4*4. Since the composition is not generally commutative, we define both
left and right composition-continuity:

Definition 4. The lattice L*4 is left composition-continuous if and only if

Po(V Q)= V(PoQi)
i€l i€l
whenever P € LA*4, and {Q; | i € I} is a chain of fuzzy relations from LA*4

Definition 5. The lattice L** is right composition-continuous if and only if

(VQi)oP=\V(QioP)
icl il
whenever P € LA%4, and {Q; | i € I} is a chain of fuzzy relations from LA*4

Both left and right composition-continuity are fulfilled if and only if the following
property is also fulfilled:

Definition 6. The lattice LA*4 is composition-continuous if and only if

(V P)o(VQi)=V(PioQi)

i€l iel i€l
whenever {(P;,Q;) | i € I} is a chain of pairs of fuzzy relations from L**4 relative to
the componentwise order ((P;, Q;) < (Pj,Q;) iff P, < Pjand Q; < Q)

Lemma 2. [20] If A is a set, L a complete, meet-continuous lattice and L*** the set
of L-valued relations on A, then LA*4 is both left and right composition-continuous.
Moreover, it is composition-continuous.

4. Results

4.1. Some lattice-theoretic properties
We generalize the notion of meet-continuity (and composition-continuity as well):

Definition 7. Let L be a complete lattice and x : L x L — L an order-preserving
binary operation in L. An element a € L is said to be left x-continuous if for any chain
{li | i € I} C L we have:

ax (V1) =V(axl)

iel i€l

If this holds for all a € L, we say that L is left x-continuous.
Definition 8. Letr L be a complete lattice and x : L x L — L an order-preserving
binary operation in L. An element a € L is said to be right x-continuous if for any
chain {l; | i € I'} C L we have:

(V1) xa=V(a)

icl iel
If this holds for all a € L, we say that L is right x-continuous.
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Definition 9. Ler L be a complete lattice and % : L X L — L an order-preserving binary
operation in L. An element a € L is said to be x-continuous if it is both left and right-
continuous.

If this holds for all a € L, we say that L is x-continuous.

Lemma 3. L is a x-continuous lattice if and only if for every two chains in L {x; | i € I}
and {y; | i € I}, we have the following:

(Vi) x (Vi) =V (i xy:)

el iel iel

Proof. Since by monotony of x we have:
i %y < (V x;) * (V vi), we have that:

i€l i€l
(Vi) * (Vi) = V(@i i)
i€l iel el

On the other hand, using both x-continuity and monotony, we have:
(Vai)x(Vy) = VIVz)*xy))= V (zixy;) <V (@masfijy *
i€l i€l jeI el (i,§)ETXT (4,5)€IxI
ymax{i,j}) < \/I(:CZ *yi)
ic

The other direction is proved straightforwardly.

As itis seen in Lema[2] meet-continuity of the codomain-lattice implies composition-
continuity. Moreover, we can prove the following proposition.

Proposition 3. If A is a set, L a complete lattice and L*** the set of L-valued relations
on A, then the following is equivalent:

(a) L is meet-continuous

(b) LA*A is left composition-continuous

(c) LA*4 is right composition-continuous

(d) LA*4 is composition-continuous

Proof. By Lemma [2] we have that ,meet-continuity of the codomen lattice implies the
left and right continuity, as well as the continuity of LA%A je. we have that (a) implies
(b), (c) and (d).

We prove (b) = (a):

Let! € Landlet{m, |i € I} C Lbeachainin L.

Let P be the fuzzy relation for which P(z,y) = [ for all (x,y) € L x L. Let Q; be
the fuzzy relation for which Q;(z,y) = m;, forall¢ € I and all (z,y) € L x L. We have
that

(V Qi)z,y) =V my, forall (z,y) € Ax A

161 iel
(Po@Qi)(z,y) =1lAmy,forallie land (z,y) € Ax A
(\/(Ple))( y) =V (IAm)
(

i€l iel
Po(V Q))(z,y)=1A N\ my, forall (z,y) € A x A.
el el
Now, left composition-continuity implies

iel i€l
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Analogously we prove that (¢) = (a), thus (a) < (b) < (c).

What remains to be proved is that (d) implies (a) (or (b) or (¢)). We prove (d) = (b):
suppose d is true, P € LA*4 and {Q; | i € I} C L*A*4 is a chain. Taking P; = P for
all i € I, and applying (d) we get:

Po(V Q)= V(PoQi).

el i€l

4.2. General (in)equation
Let X = {X;, X2, X3, ...} be a countable set of variables.

We define the set of terms over (A x A) recursively:

(i) All the variables from X are terms;
(ii) All the relations from F(A x A) are terms;
(>iii) If T, and T% are terms, then T} A 15, T7 V T and T; o T5 are also terms.

We call the variables from X and the lattice-valued relations from F (A x A) terms of
zero complexity.

By T'(X1,...,X,) we will denote a term over F(A x A), whose variables belong
to {X1,...,X,}. Any such term define a function from (LA*4)" to LAX4, mapping
(Y1,...,Y,) to the relation we get as the value of T'(Y7, . . ., Y},), i.e., the value of the term
we get from T replacing any variable X; € {X1,..., X, } occurring in T(X1,..., X,)
by the corresponding relation Y.

In the set (LA*4)™ of n-tuples of fuzzy relations, we define a componentwise order:
(Ri,...,Ry) <(R},...,R),) <= R; < Rl foralli € {1,...,n}

Clearly, for any family {(Y7,...Y?) | i € I'} in (LA*4)™, we have

V.. Y)=(VY,..., VY

i€l il icl
Since the operations of infimum and supremum, as well as the composition of relations,
are order-preserving relative to both arguments, by induction on the complexity of terms,
we may prove the following lemma.
Lemmad. If (Ry,...,R,) < (R},...,R.)in (LA and T(X1,. .., X,) is a term,
then T(Ry,...,R,) < T(Ry,...,R.) in LA%4, i.e. the function

T - (LAXA)TL N LA><A
defined by T(X, ..., X,) is order-preserving.

Using this lemma, we prove the following proposition:

Proposition 4. Let L be a complete, meet-continuous lattice and {(Y{,...Y,) |i € I} a

chain in (LA*4)" and T'(X1, ..., X,,) atermover L4, Then T(\) Y{,..., \J Y}}) =
i€l il

V T(YY,...Y)D).

i€l

Proof. We prove the assertion of the proposition by induction on the complexity of the

term.
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For the terms of the zero complexity, we have:
T(Xl,X27...,Xn):Xi€X or T(Xl,X27...,Xn):R€LAXA,
thus, the basis of the induction holds.

Let T(X1,...,X,) be a more complex term than the zero complexity term, then
T(X1,...,Xn) = Th(Xq,...,X,) * To(Xq,...,X,), where x may be A or V or o.
In all three cases, LA*4 is x-continuous: by Proposition 1, it is meet-continuous, by
Proposition 3, it is composition-continuous, while join-continuity is obvious. We assume
that the assertion of the proposition holds for all the terms less complex than 7. Since T}
and 75 are less complex, we have, by the induction hypothesis:

TV Y. VY =V Ti(Yi,...Y;)

el el el
TQ(\/Ylia"" \/Yﬁ): \/TQ(YIZ’Y;)
1€l i€l el

By Lemmald] {(T1(Y{,...,Y;}), To(Y{,...,Y;))) | i € I} is a chain.

T(VY ..., VY)Y =Ty (VY...,VYH)«Ta(\ Y,...,V Yi)=
i€l i€l i€l i€l i€l i€l

V Ti(YY, ... Y« ) Ta(YY,... YY) = (by Lemma

i€l i€l

V(T (Y, YY)« Te(YE,...Y) =V T(YY,...Y))

i€l i€l

This general statement will enable us to prove the existence of a maximal solution in
the general case of fuzzy relational equations and/or inequations, instead of just particular
cases included in [[19] and [20]].

Theorem 1. Let L be a complete meet-continuous lattice, Z1,...,Z, € L**4 and
T (X1,...,X,) = Tu(X1,...,X,) an equation over LA*A. If (Y1,---,Yy) is a solu-
tion to that equation, such that (Y1, -+ ,Ys) < (Z1,--- , Zy,), then there exists a maximal
solution - related to the componentwise order in (L**)" - to the above equation con-
tained in (Zy,- -+ , Zy,). If the existing maximal solution is unique, it is also the greatest
solution.

Proof. Let {(Y{,...Y?) | i € I} be a chain in (LA*“)™ which belongs to the set of the
solutions to the equation 77 (X1, ..., X,,) = To(X4, ..., X, ) contained in (Z1,--- , Z,).
We have:

Ti(Yi, ...,V = To(YY, ..., Y} forall i € I, thus:

V(YY) = VTV, Y.

el iel
By Proposition ] we have

TV Yi,..., V Vi) =V Ti(Yi,...Y}) and

iel ) el ) iel ) )
TQ(\/ Ylla”'a VYJ): \/TQ(Ylla"'wa);
el el iel

therefore T4 (\/ Y¢,..., V V) =To(\V Y{,..., V Y.
iel iel iel iel

Thus, the chain has its union as an upper bound in the set of solutions to the equation T} =
T5 contained in (Z1, - - - , Z,), since its union is also a solution to the equation contained
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in (Z1,---,Zy,). Since this holds for any chain of solutions contained in (Z1,--- , Z,),
applying Zorn’s lemma, we get the assertion of the theorem.

Corollary 1. If L is a complete meet-continuous lattice, every solvable relational equa-
tion over LA*4 of the type T1 (X1, ..., X)) = Ta(Xy, ..., X,,) has a maximal solution.

Analogously we prove that a maximal solution exists for any inequation as well. We use
the term inequation to denote a constraint of the form 77 < 75 whose solutions are sought,
in analogy with equations.

Theorem 2. If L is complete and meet-continuous, Ty (X1, ..., X,) < To(X1,...,Xy)
is an inequation over L**4 and (Yy,---,Y,,) its solution, such that (Yy,---,Y,) <
(Z1,--+, Zy), there exists a maximal solution - relative to the componentwise order in
(LAXA)™ - to the above inequation contained in (Z1,--- , Zy,). If the existing maximal
solution is unique, it is also the greatest solution.

The following simple example demonstrates that in case L is not a meet-continuous
lattice, we do not need to have a maximal solution to equations.

Example 1. Let L be a lattice in Figure 2. Let A = {d} and let relations R and S be
defined by: R(d,d) = a and S(d, d) = 0. Now, we consider the equation Ro X = 5. We
see that the relations B;, defined by B;(d,d) = b; (i > 0) are solutions to the equation.

However, there is no maximal solution contained in the relation R;(d,d) = 1, since
\/ B; = R; and R; is not a solution of the equation.
i>0

In the same way, we prove that any system of L-valued relational equations and in-
equations has a maximal solution as well. Moreover, the following holds for any set of
equations and inequations (possibly infinite):

Theorem 3. If L is complete, meet-continuous, {T1(X1,...,X,) = To(X},..., X,) |
i€ I} U{S](Xy,...,Xn) < S3(XY,...,X,) | j € J} aset of equations and inequa-
tions over LA*4, and (Y1, --- ,Y,) a solution to all of them, such that (Yy,--- ,Y,) <
(Zy,--+, Zp), then there exists a maximal n-tuple of fuzzy relations - relative to the com-
ponentwise order in (LA*)", contained in (Z1,--- , Z,), such that it is a solution to all
of the above equations and inequations. If the existing maximal relation is unique, it is the
greatest such relation.

The results we got generalize those from [19], where it was proved that there exists
a maximal solution to each of the inequations: Po @ < R, Qo P < R, PoQ < Q,
QoP < @,and QoQ < Q, contained in a given fuzzy relation, where @ is the unknown.
It was also proved that there exists a maximal solution to the inequation P o Q < R,
where both P and @ are unknown. All these results are corollaries of Theorem 2] we have
proved here. Moreover, when the fuzzy set equations are concerned, the composition-
continuity we have proved here enables us to prove the existence of a maximal solution
to the equations Po @ = Q, Qo P = @, and Q o @ = @, where @ is the unknown,
or the existence of a maximal solution to the equation P o () = R, where both P and )
are unknown. All these are corollaries of Theorem [I] In [[19]], the existence of a maximal
solution was only proved for the corresponding inequations.
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In [19], also the algorithms were developed for finding some closures of a fuzzy re-
lation: the closure under the composition with a given fuzzy relation, and the transitive
closure. These algorithms follow from a more general algorithm, introduced and proved
in the following theorem.

Theorem 4. Let L be a complete, meet-continuous lattice, T(X) a term and R € LA*4,
Let a sequence of fuzzy relations be defined recursively:

Ry=R

Ryi1 =T(R,) V R,.

Then \/ R, is the least solution to the inequation T(X) < X containing R.
neN

Proof. The defined sequence is also a chain, since R,, C T(R,) V R, = R,+1. Hence,
T(\/ R,) =\ T(R,) follows from Proposition
neN neN

Therefore, T(\/ Rn,) =\ T(Rn) < V Rut1 = V Rn,thus \/ R, is asolu-
neN neN neN neN neN
tion to the inequation T'(X) < X.

On the other hand, any solution S to T(X) < X containing R also contains R,,, for
all n € Ny. We prove this by induction:

(1) Rp = R < S by assumption

(i) Rr < S implies T(Ry) < T(S) < S (since T is order-preserving and S is a
solution), thus Rx11 = T'(Rx) V R < S, and the induction step holds.

Thus any solution to T'(X) < X containing R contains \/ R,, thus \/ R, is the
neN neN
least solution to T'(X) < X. O

Taking T(X) = X o P (or T(X) = P o X), we get an algorithm for finding the
closure of a fuzzy relation under right (or left) composition with P, namely the one which
was proved in [19].

Taking T(X) = X o X, we get an algorithm for finding the transitive closure of a
given fuzzy relation, which was proved in [19].

Example 2. L = (NV {oo})NV{>®} where N V {oc} is a lattice we get by adding oo to
the poset (N, <), such that oo is the greatest element.
A=N
P,Q,R,S € LA*4
o n+j 1>2j-1
Pli.j)(n) = {n SR
S, j)(n)=n+i—j+1
. n+i J=1
Q(i,4)(n) {n it 1<
Here we take oo + k& = oo, where k € R, so that in all the given functions P(3, j),
Q(i,7) and S(i, 7), (for all (i,5) € N x N) oo are mapped to itself.
We construct the least solution to the inequation P o X A Q < X containing S,

following the algorithm in Theorem 4:
Ro=5
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- n4ti j=1
Ry (i,5)(n) = L :

maz{n,n+i—j+2} j>1

n4i j=1

Rali,f)(m) = {n+i+1 j=2

maz{n,n+i—j+3} j>2
By induction on k£ € N we prove:

n+1 j=1
Ri(i,j)(n)=<sn+i+1 1<j<k

max{n,n+i—j+k+1} 5>k
Now we get the least solution:

R= U Rk
keN
, i
We can check that R(i, j)(n) = n—l—z. j
n+i+1 j5>1

We may further generalize Theorem [] for a system of fuzzy inequations, to get an
algorithm for the construction of the least solution to systems of relational inequations:

Theorem 5. LetTl(XhXQ, Ce ,Xn),TQ(Xl,XQ, ey Xn), Ce 7Tn(X1; X, ... ,Xn) be
terms and (Ry, Ra, ..., Ry,) an n-tuple of fuzzy relations. If, by induction, we define the
following sequence of n-tuples of fuzzy relations:

(Yloa Y’Qoa s 7}/;?) = (Rl’ RQa BERE) Rn)

(YL YR = (T (Y, Y)Y VY E T (Y, YR VYR,

then, (\/ Y{,..., | Y}})is the least solution to the system
i€Np 1€Ng

T (X1, X2,..., Xp) < X4
T2<X17X27 s 7Xn) <Xy

Tn(XlaX27 e 7Xn) S Xn
containing (R, Ra, ..., Ry).

Proof. (\J Y{,..., \/ Y})isachain and it contains (Ry, Ry, ..., R,) by definition.
1€Ng i€Ng

We have that for i € {1,...,n}:
T(Y,....YE) < Vi
V TV YR < VYR =y v

keNg k€Ng k€Ng
Tl( \/ Ylia"" \/ er): \/ Ti(Ylkv"'vY;{c)S \/ Yz'k
keNg keNg keNy keNg
Thus, ( \/ Y¥,..., \V YF)is a solution to the above system. To prove that it is the
keNg keNg

least solution to the system we take an arbitrary solution (Z1, ..., Z,) that is greater or
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equal to (Ry, ..., R,), and prove, by induction that (for ¢ € {1,2,...,n}), Z; contains
Yik, for all £ € Np.

Y =R = Z

If Y < Z; foralli € {1,2,...,n}, then:

YR = T(YE, YR VY < T(Zy, .. Z,) VY < Z; (since (Z4,... Zy,) is a
solution and Y}' < Z;).

Now, Z; is greater or equal to \/ Y[, fori € {1,2,...,n}, and (Z1,...,Z,) is

keNy
greater orequal to (\/ Y{,..., \/ Y/F). O
keNg keNg

In the following theorem, we introduce an algorithm leading to the least solution of a
wide class of systems of fuzzy relational equations.

Theorem 6. Let X = {X3,...,X,} be a set of variables, and T\, Ts,...T,, terms
whose variables belong to X and the constants to the set of L-valued relations L**4,
where L is a complete, meet-continuous lattice. We define the sequence (Y, ..., Y.F)
inductively:

Y2 =0, foralli€{1,2,...,n};
VI =TV YY) foralli € {1,2,. o}

Now (\/ Y[, \/ YF ..., \/ Y,F)is the least solution to the system:
kEN  keN kEN

X1 =T1(X1,Xs,...,X,)
Xo =To(X1,Xo,...,X,)
X, = To(X1, Xo,.., X,)
Proof. By induction, we prove that (Y}*,...,Y,¥) < (Y™ ... V1) forall k € N:
(Y0,....Y%) = (0,0,...,0) < (Y{,...,Y))
If (Y, ..., YF) < (YFH . YE+Y), then foralli € {1,...,n}:
VI =T, V) ST Y =Y
Since {(Y¥,...,Y,¥) | k € No} is a chain, we may apply Proposition 4}

Tl( V Ylka V Y2k>"'v \/ Yric): V ﬂ(ylkv""yf): \/ Yik+1: \/ Yik
keNg keNg keNy keNy keNg keNg

Thus, (\/ Y, V YF, ...,V YF)isasolution.

keEN  keN keN
On the other hand, if (Si,...,Sy) is a solution, then we prove by induction that
(Y ..., YF) < (Sy,...,8):

(Y2,..., V%) =(0,0,...,0) < (S1,...,5n).
If (YF,...,YF) < (S1,...,S,), then by monotony of T; we have:
YR =Ty (Y, ... YE) < Ti(Sy,...,8,) = Si,thus (YL . VAT < (Sy,...,8,)

Thus, (Y¥,...,Y,F) < (Sy,...,S,) forall k € Ny and, therefore:
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(\/ Y1k7"‘7 V Yr{c)g(slaus’n)

keNg keNg

Since (\/ Y{,..., \V Y}¥)isless than or equal to any solution to the system, it is
keNg keNg
the least solution.

Example 3. Let L be the lattice in Figure 3. It is meet-continuous, since it is algebraic.
Namely, all the elements of the form aj, where k£ € N are compact: if {¢; | j € J} is
a family of elements from L and a;, < \/ ¢;, there must be some element of the form
jEJ
ar among ¢; (else \/ ¢; < b); also, there must be some a; or b; with ¢ > k (or else
jeJ

\ ¢; < ag—1), or b, or 1; in the first case a < a;; in the second case, ap, < b; V ag;
jeJ

in the third case ar < bV ag; in the forth case a; < 1. Similarly, we prove that a is
compact. It is easy to prove that elements of the form by, are compact. As for b and 1, they

are supremum of the compact elements. Thus L is algebraic and also meet-continuous.

Fig. 3. The codomain lattice in Example 3

Let A = N. We define the following fuzzy relational equations on A, with L as the
codomain lattice:

P(Za.]) = bi"rj
2, = .
Q) {O otherwise.
. 1 ifi—j<1,
R(i,j) =

0 otherwise.
S(Zv j) = Qj4j
Now we consider the following system of equations:
X=PV(QoY)
Y=SV(XoR)
We construct the least solution to the system, using the above algorithm:
(XOa YO) = (07 0)
(Xla Yl) = (Pv S)
Xa(i,7) = bivjr1; Ya(i,5) = ivjs1.



1558 Stepanovi¢ and Tepavcevié¢

By induction on n, we prove that for n > 2 we have:
X (i, 5) = bitjin—15Yn(i,J) = Giyjin—1.
The basis for n = 2 we already have. If X (¢,7) = biyjiu—1; Yi(,7) = QGitjrr—1,
since X411 =PV (QoYy)and Y1 =SV (Xi o R), it is easy to see that:
X104, 7) = bigjrns Yer1(4,5) = Gigjti
Now, the least solution to the system is (X', Y') = \/ (X, Y%). Obviously, X'(i,7) = b

keN
and Y'(i,7) = 1 forall (4,j) € N x N. Due to Theorem 5, we don’t have to check that

(X',Y") is a solution, or to prove that it is the least one.

5. Potential Real-World Applications

Although the present study is primarily theoretical, the obtained results have several po-
tential applications. Fuzzy relational equations and inequations provide a flexible mathe-
matical framework for modeling systems in which relationships between objects are im-
precise, vague, or partially unknown. In such settings, relations are described by degrees
of association taking values in a complete lattice or another ordered algebraic structure.
This makes them suitable for modeling real-world problems characterized by uncertainty,
incompleteness, or incomparable information.

The study of both equations and inequations is essential, as they capture different
types of constraints: equations typically express consistency or equilibrium conditions,
while inequations naturally arise when information is partial or when constraints are ad-
missibility conditions.

One important area of application is decision support and multi-criteria decision mak-
ing [2/12], where preferences and expert judgments are often expressed by fuzzy values.
Consistency requirements between alternatives and criteria can be modeled using fuzzy
relational equations, while inequations describe admissible or acceptable decisions. Sim-
ilar formulations appear in recommendation systems and group decision processes.

Another application domain is knowledge representation and data analysis, partic-
ularly in connection with formal concept analysis [1L7]. Here, fuzzy relations describe
graded associations between objects and attributes. Fuzzy relational equations arise when
inferring missing data or determining closures, whereas inequations model approximate
implications and soft constraints, which are especially relevant in the presence of noisy
data.

Further applications can be found in control theory and systems modeling [SU15],
where fuzzy relational equations are used to represent input—output relations and rule
bases, while inequations describe admissible operating regions and robustness require-
ments. Additional applications include image processing, pattern recognition, and infor-
mation retrieval, where similarity and relevance relations are inherently fuzzy. To illustrate
the applicability of the framework, we consider the following simple example, inspired
by models in fuzzy decision making (see, e.g., [2U12])).

Let A = {aj,a2} be a set of alternatives (e.g., two treatment options or products).
Suppose that this set is evaluated with respect to a set of criteria B = {b1, b2} (e.g.,
effectiveness and cost). Let L be a finite lattice and let R : A x B — L describe the
degree to which each alternative satisfies each criterion, and X : B — L represents the
importance (weights) of the criteria.
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The overall evaluation Y : A — L of the alternatives can be modeled by the fuzzy
relational equation R o X =Y where o denotes the standard (sup—inf) composition.

In practice, the desired evaluation Y may only be partially specified or constrained
(e.g., one alternative should be at least as good as a given threshold). This leads naturally
to a fuzzy relational inequation of the form R o X > Y which describes all admissible
weight vectors X consistent with the requirements. The problem then becomes to deter-
mine all solutions X, or in particular the maximal and least solutions. The theoretical
results developed in this paper guarantee the existence of maximal solutions under appro-
priate conditions on the lattice L, and provide constructive procedures for obtaining the
least solution.

This example illustrates how practical problems can be reduced to fuzzy relational
equations and inequations. The main results of this paper ensure the existence of maximal
solutions and provide terminating procedures for computing the least solution, thereby
offering both theoretical guarantees and computational tools.

6. Conclusion

We generalized the notion of meet-continuity of a complete lattice and proved some
lattice-theoretic properties. We proved the equivalence between meet-continuity of the
codomain lattice and different kinds of composition-continuity in the lattice of L-valued
relations.

The existence of a maximal solution to general L-valued relational equations and
inequations and their systems was proved in the case L is a complete, meet-continuous
lattice. Moreover, there exists a maximal L-valued relational equation that is a solution to
all the equations from a given set, which may be infinite as well.

An algorithm is developed for the construction of the least solution of a wide class of
equations and inequations, in the case of a complete, meet-continuous lattice.

In the future, we shall try to find algorithms for the construction of a maximal solu-
tion or the whole set of maximal solutions, in the case of a complete, meet-continuous
codomain lattice.
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